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We study how the Roberge-Weiss (RW) transition depends on the pattern of center symmetry
breaking using a Z3-QCD model. We adopt flavor-dependent quark imaginary chemical potentials,
namely (µu, µd, µs)/iT = (θ− 2piC/3, θ, θ+2piC/3) with C ∈ [0, 1]. The RW periodicity is guaran-
teed and the center symmetry of Z3-QCD is explicitly broken when C 6= 1 or/and quark masses are
non-degenerate. For Nf = 3 and C 6= 1, the RW transition occurs at θ = θRW = (2k+1)pi/3 (k ∈ Z),
which becomes stronger with decrease of C. When C = 1, the θRW turns into 2kpi/3 for Nf = 2+1,
but keeps (2k+1)pi/3 for Nf = 1+ 2; in both cases, the RW transitions get stronger with the mass
mismatch. For other C 6= 0 cases, the θRW ’s are not integral multiples of pi/3. We find that the RW
transition is more sensitive to the deviation of C from one compared to the mass non-degeneracy
and thus the strength of the traditional RW transition with C = 0 is the strongest. The nature of
RW endpoints and its implications to deconfinement transition are investigated.
I. INTRODUCTION
Exploration of the quantum chromodynamics (QCD)
phase diagram at finite temperature and density is one
of the most challenging subjects in particle and nuclear
physics. As a first-principle method, the Lattice QCD
(LQCD) simulations yield many meaningful results at
vanishing baryon chemical potential ( see [1] and refer-
ences therein ). However, it is still unavailable at nonzero
real chemical potential region because of the well-known
sign problem [2]. To evade this difficulty, various meth-
ods have been developed [3–8]. One useful approach is
the analytic continuation from imaginary to real chemi-
cal potential [7–9], in which the fermion determinant is
real and thus free from the sign problem.
Introducing an imaginary chemical potential µI =
iθT in QCD corresponds to replacing the fermion anti-
periodic boundary condition (ABC) by the twisted one.
In this case, the partition function satisfies ZQCD(θ) =
ZQCD(θ + 2pi/3), which is called the Roberge-Weiss
(RW) periodicity [10]. Since the Z3 symmetry is bro-
ken by dynamical quarks, the effective thermal poten-
tials Ωφ(φ = 0,±2pi/3) of three Z3 sectors have a shift
of 2pi/3 each other above some critical temperature TRW
and the physical solution is determined by the absolute
minimum of the three ones. This leads to discontinuity
of dΩQCD(θ)/dθ at θ = pi/3 mod 2pi/3 , which is known
as the RW transition [10].
The RW transition is a true phase transition for the Z2
symmetry. LQCD simulations suggest that the nature
of the RW endpoint may depend on quark masses [11–
19]: For intermediate quark masses, it is a critical end
point (CEP), while for large and small quark masses it
is a triple point. The latest LQCQ calculation provides
evidence that the RW endpoint transition remains second
order, in the 3D Ising universality class, in the explored
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mass range corresponding to mpi ≃ 100, 70 and 50 MeV
[20]. The RW transition has also been investigated in
effective models of QCD [21–26]. Due to the analogy
between θ and the Aharonov-Bohm phase, it is proposed
that the RW transition can be considered as a topological
phase transition [27].
Note that special flavor-twisted boundary conditions
(FTBCs) can lead to an unbroken ZNc center symme-
try. As shown in [28, 29], for Nf flavors with a com-
mon mass in the fundamental representation, the SU(Nc)
gauge theory with d ≡ gcd(Nf , Nc) > 1 has a Zd color-
flavor center symmetry when imposing the ZNf symmet-
ric FTBCs on S1. The Zd symmetry arises due to the
intertwined color center transformations and cyclic flavor
permutations. The QCD-like theory for Nc = Nf = 3
under such FTBCs is termed as Z3-QCD [28]. In this
theory, the Polyakov loop is the true order parameter
for center symmetry even fermions appear. Z3-QCD is
an interesting and instructive theory which is useful for
understanding the deconfinement transition of QCD [28–
35].
As mentioned, FTBCs on S1 in Z3-QCD can be re-
placed with the standard fermion ABCs by introducing
µf = iθfT ( shifted by i2piT/3 ). Correspondingly, the
center symmetry of Z3-QCD can be explicitly broken by
mass non-degeneracy of quarks, or no equal 2pi/3 differ-
ence in θf , or both if color and flavor numbers are un-
changed. Then, some natural and interesting questions
arise: whether the Z3 symmetry breaking in such ways
can lead to RW transitions? How do these RW transi-
tions depend on the center symmetry breaking ? What
are the differences between these RW transitions and the
traditional ones in QCD with a flavor-independent µI?
Answering these questions may deepen our understand-
ing on the relationship between Z3 symmetry, RW transi-
tion and deconfinement transition. Actually, one advan-
tage of Z3-QCD is that we can use it to study how the
pattern and degree of Z3 symmetry breaking can affect
the nature of RW and deconfinement transitions from a
different perspective.
2The main purpose of this work is to study how RW
transitions depend on the center symmetry breaking
patterns by using a Z3-QCD model. We employ the
three-flavor PNJL model [37, 38], which possesses the
so called extended Z3 symmetry and can correctly re-
produce the RW periodicity [36]. Without loss of gener-
ality, the flavor-dependent imaginary chemical potentials
(µu, µd, µs)/iT = (θ−2piC/3, θ, θ+2piC/3) with 0 ≤ C ≤
1 are adopted, which guarantees Z(θ) = Z(θ+2pi/3) [26].
When quark masses are non-degenerate or C 6= 1, the
center symmetry of Z3 − QCD is explicitly broken and
the RW transitions should appear at high temperature.
We focus on five types of center symmetry breaking and
study impacts of variations of C and quark masses on the
RW and deconfinement transitions.
The paper is organized as follows. In Sec. II, Z3-
QCD and the PNJL model with flavor-dependent imag-
inal chemical potentials are introduced. In Sec. III, we
present the results of the numerical calculation. Sec. IV
gives the discussion and conclusion.
II. Z3-QCD AND Z3-SYMMETRIC PNJL
MODEL
A. Z3-QCD
The Z3 transformation of QCD is defined as
q → q′ = Uq, Aµ → Aµ
′ = UAµU
−1 + i(∂µU)U
−1,
(1)
where U is an element of the SU(3) group which satisfies
the temporal boundary condition
U(x4 = β,x) = zkU(x4 = 0,x), (2)
with zk = e
−i2pik/3 being an element of the center group.
Even the QCD partition function ZQCD is invariant un-
der the Z3 transformation, the original quark ABC
q(x4 = β,x) = −q(x4 = 0,x) (3)
is changed into
q(x4 = β,x) = −e
i2pik/3q(x4 = 0,x). (4)
Thus the center symmetry is explicitly broken due to (4).
This is why the Polyakov-loop is no longer the true order
parameter of deconfinement in QCD.
However, the Z3 symmetry can be recovered if one con-
sider the FTBCs [28]
qf (x4 = β,x) = −e
−iθf qf (x4 = 0,x), (5)
with
θf =
2pi
3
f (f = −1, 0, 1), (6)
instead of the ABC. For convenience, three numbers -1,
0, and 1 are used as the flavor indices. Under the Z3
transformation, the FTBCs are transformed into
qf (x4 = β,x) = −e
−iθ′f qf (x4 = 0,x), (7)
with
θ′f =
2pi
3
(f − k) (f = −1, 0, 1). (8)
We can see that the modified boundary conditions (7)
return to the original ones (5) if the flavor indices f−k are
relabeled as f . This means the QCD-like theory with the
FTBCs (5) is invariant under the center transformation if
three flavors have a common mass. As mentioned, such a
theory is termed as Z3-QCD, which equals to QCD when
T → 0.
The FTBCs (5) can be changed back into the standard
ABCs through the field transformation [10]
qf → e
−iθfTx4qf , (9)
which gives rise to the flavor-dependent imaginal chemi-
cal potentials
µf = iθfT. (10)
This implies that the global SUV (3)⊗SUA(3) symmetry
in the chiral limit is broken to (UV (1))
2 ⊗ (UA(1))
2 in
Z3-QCD [32].
Equation (4) and the transformation between FT-
BCs (5) and imaginal chemical potentials (10) indicate
the RW periodicity: the partition function Z(θf) is peri-
odic under the shifts
µf/iT → µf/iT + 2pi/3, (11)
i.e.
Z(θf ) = Z(θf + 2pi/3). (12)
B. Z3-symmetry breaking patterns in Z3-QCD
The center symmetry of Z3-QCD is attributed to three
conditions: 1) Nf = Nc = 3 (namely, gcd(Nf , Nc)> 1);
2) quark masses are degenerate; 3) the dimensionless
flavor-dependent imaginal chemical potentials (normal-
ized by iT ) form an arithmetic sequence with the com-
mon difference 2pi/Nc. Correspondingly, the center sym-
metry of Z3-QCD will be broken explicitly if anyone of
these conditions is not satisfied, which may lead to the
RW transition at high temperature. It is interesting to
study how the possible RW transitions depend on the
changes of conditions 2 and/or 3 in Z3-QCD by keeping
Nf = Nc = 3.
Here we express the imaginal chemical potential matrix
µˆ = diag(µu, µd, µs) = iT θˆ in terms of two real parame-
ters θ and C, namely
θˆ =

θu θd
θs

 =

θ − 2piC3 θ
θ + 2piC3

 , (13)
where C ∈ [0, 1]. As mentioned, such a choice of θˆ ensures
the RW periodicity Z(θ) = Z(θ+2pi/3). We concentrate
3on the following center symmetry breaking patterns: (i)
Nf = 3 with varied C 6= 1 (here and after Nf = 3 means
three flavors share the same mass); (ii) Nf = 2 + 1 (two
lighter flavors have the same mass) with C = 1; (iii)Nf =
1+2 (two heavier flavors have the same mass) with C = 1;
(iv) Nf = 2 + 1 with varied C 6= 1; (v) Nf = 1 + 1 + 1
with C = 1.
For cases (i)-(iii), the thermal dynamical potential
Ω(θ) is a θ-even function even the imaginal chemical po-
tentials are flavor-dependent. For the case (i), three fla-
vors are mass-degenerate and thus
Ω(θ) = Ω(θu, θd, θs)
= Ω(θ − 2piC/3, θ, θ + 2piC/3)
C
−→ Ω(−θ + 2piC/3,−θ,−θ − 2piC/3)
u↔s
===== Ω(−θ − 2piC/3,−θ,−θ + 2piC/3)
= Ω(−θ), (14)
where
C
−→ stands for the charge conjugation transforma-
tion and Ω(θˆ) = Ω(−θˆ) always holds. For cases (ii) and
(iii), two flavors are mass degenerate (e.g., mu = md)
and thus
Ω(θ) = Ω(θu, θd, θs)
= Ω(θ − 2pi/3, θ, θ + 2pi/3)
C
−→ Ω(−θ + 2pi/3,−θ,−θ − 2pi/3)
θ→θ+4pi/3
========= Ω(−θ − 2pi/3,−θ − 4pi/3,−θ)
u↔d
===== Ω(−θ − 4pi/3,−θ − 2pi/3,−θ)
θ→θ−2pi/3
========= Ω(−θ − 2pi/3,−θ,−θ + 2pi/3)
= Ω(−θ). (15)
Note that Ω(θ) = Ω(−θ) does not hold for cases (iv) and
(v).
C. The center symmetric PNJL model
The Lagrangian of three-flavor PNJL model of QCD
in Euclidean spacetime is defined as [37, 38]
L =q¯ (γµDµ + mˆ− µˆγ4) q −GS
8∑
a=0
[
(q¯λaf q)
2 + (q¯iγ5λ
a
fq)
2
]
+GD
[
det
ij
q¯i(1 + γ
5)qj + det
ij
q¯i(1− γ
5)qj
]
+ U(Φ[A],Φ∗[A], T ), (16)
where Dµ = ∂µ + igsδµ4A
a
µλ
a/2 is the covariant deriva-
tive with the SU(3) gauge coupling gs and Gell-Mann
matrices λa, mˆ = diag(mu,md,ms) denotes the cur-
rent quark mass matrix, and µˆ = diag(µu, µd, µs) is the
quark chemical potential matrix. GS and GD are the
coupling constants of the scalar-type four-quark interac-
tion and the Kobayashi-Maskawa-’t Hooft determinant
interaction [39–41], respectively.
The Polyakov-loop (PL) potential U
(
Φ[A],Φ∗[A], T
)
in
the Lagrangian (16) is center symmetric, which is the
function of the Polyakov loop Φ and its conjugate Φ∗ and
T . The quantity Φ is the true order parameter for center
symmetry in pure gauge theory (and also in Z3-QCD),
which is defined as
Φ =
1
3
Tr(L), (17)
with
L(x) = Pexp
[
i
∫ β
0
dτA4(x, τ)
]
, (18)
where P is the path-integral ordering operator. One pop-
ular PL potential is the logarithmic one proposed in [42],
which takes the form
U (Φ,Φ∗, T ) = T 4
[
−
a(T )
2
ΦΦ∗
+b(T ) ln(1 − 6ΦΦ∗ + 4(Φ3 +Φ∗3)− 3(ΦΦ∗)2)
]
, (19)
where
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
, b(T ) = b3
(
T0
T
)3
.
(20)
The potential (19) will be used in our calculation.
In the Polyakov gauge, the matrix L can be represented
as a diagonal form in the color space
L = eiβA4 = diag(eiβφ1 , eiβφ2 , eiβφ3), (21)
where φ1 + φ2 + φ3 = 0. The mean-field thermodynamic
potential of PNJL then reads
Ω = 2GS
∑
f
σ2f − 4GDσuσdσs −
2
β
∑
f
∫
d3p
(2pi)3
[
3βEf+
ln(1 + 3Φe−β(Ef−µf ) + 3Φ∗e−2β(Ef−µf ) + e−3β(Ef−µf ))+
ln(1 + 3Φ∗e−β(Ef+µf ) + 3Φe−2β(Ef+µf ) + e−3β(Ef+µf ))
]
+ U , (22)
with σf = 〈q¯f qf 〉 and Ef =
√
p2 +M2f (f = u, d, s).
The dynamical quark masses are defined by
Mf = mf − 4GSσf + 2GDσf ′σf ′′ , (23)
where f 6= f ′ f ′ 6= f ′′, and f 6= f ′′. As usual, the
three-dimensional cutoff Λ is introduced to regularize the
vacuum contribution. For the pure imaginary chemical
potential case, we can write Φ and Φ∗ as
Φ = Reiφ, Φ∗ = Re−iφ. (24)
The condensates σf , the magnitude R, and the phase φ
are determined by the stationary conditions
∂Ω
∂σu
=
∂Ω
∂σd
=
∂Ω
∂σs
=
∂Ω
∂R
=
∂Ω
∂φ
= 0. (25)
4TABLE I. The parameter set in the PL potential sector
a0 a1 a2 b3 T0 [MeV]
3.51 -2.47 15.2 -1.75 195
Similar to Z3-QCD, the three-flavor PNJL with a
common quark mass possesses the exact Z3 symme-
try when introducing the special flavor-dependent imag-
inary chemical potentials µˆ = iT θˆ, where θˆ = diag(θ −
2pi/3, θ, θ+ 2pi/3) [28]. Here we refer to this center sym-
metric PNJL as Z3-PNJL, which can be regarded as a
low-energy effective theory of Z3-QCD. The RW transi-
tions under the conditions (i)-(v) will be studied in the
Z3-PNJL formalism by breaking the center symmetry ex-
plicitly.
TABLE II. The parameter set in the NJL sector.
mu(d) [MeV] ms [MeV] Λ [MeV] GSΛ
2 GDΛ
5
5.5 140.7 602.3 1.835 12.36
0 1 2 3 4 5 6
-0.0306568
-0.0306564
-0.0306560
[G
eV
4 ]
 T=0.15 GeV
0 1 2 3 4 5 6
-0.03340
-0.03336
-0.03332
-0.03328
[G
eV
4 ]
 T=0.25 GeV
FIG. 1. Thermodynamic potential Ω as the function of θ for
T = 150 MeV (upper) and T = 250 MeV (lower) in Z3-PNJL
with mu = md = ms = 5.5 MeV and C = 1.
D. Model parameters
The five parameters of the logarithmic PL potential
(19) are listed in Table I. Originally, T0 is the critical
temperature of deconfinement for pure SU(3) gauge the-
ory, which is around 270 MeV [43, 44]. Note that the
chiral Tc at zero density obtained in PNJL with T0 = 270
MeV is quite higher than the LQCD prediction [45–48].
Following [49], we adopt T0 = 195 MeV here which can
lead to a lower Tc.
The NJL part of PNJL has six parameters and a typi-
cal parameter set obtained in [50, 51] is listed in Table II.
These parameters are determined by the empirical values
of η′ and pi meson masses, the pi decay constant fpi, and
the quark condensates at vacuum. To qualitatively in-
vestigate the sensitivity of the RW transition on the Z3
symmetry breaking patterns, we take the current quark
masses as free parameters in this study while keep GS ,
GD, and Λ unchanged.
III. NUMERICAL RESULTS
In this section, we show numerical results of PNJL
with the imaginal chemical potentials (µu, µd, µs)/iT =
(θ − 2Cpi/3, θ, θ + 2Cpi/3), where 0 ≤ C ≤ 1. We study
the RW and deconfinement transitions under the condi-
tions (i)-(v) respectively. We concentrate on how these
transitions depend on the pattern of center symmetry
breaking.
At high temperature, the thermodynamical potential
of Z3-PNJL has three degenerate local minima at φ = 0
and ±2pi/3, which are the three Z3 sectors. Corre-
spondingly, the thermodynamic potential of PNJL may
have three non-degenerate solutions ( namely Ωφ(φ =
0,±2pi/3)), and the ground-state Ωgs is determined by
the absolute minimum of the three.
Without loss of generality, we take a fixed high tem-
perature T = 250 MeV to do the calculations at which
the RW transition always happens in this model.
A. Center symmetry breaking pattern (i): Nf = 3
with varied C 6= 1
We first perform the calculation in Z3-PNJL with the
small common quark mass 5.5 MeV. Fig. 1 shows the
thermodynamical potential Ω as the function of θ for two
different temperatures. We confirm that the ground state
has a 3-fold degeneracy at high temperature, and there is
no degeneracy at low temperature. The high-T degener-
acy indicates the spontaneous center symmetry breaking,
which rules out the RW transition. Numerical calculation
indicates that the critical temperature Tc ≈ 195 MeV,
which is almost independent on θ [28]. We see that the
RW periodicity always holds even the θ-dependence of
Ω at low-T (< Tc) is quite weaker than that at high-T
(> Tc). The upper panel displays that Ω(θ) peaks at
50 1 2 3 4 5 6
-0.03340
-0.03336
-0.03332
-0.03328
-0.03324
(a) C=0.999  
 
 
[G
eV
4 ]
0 1 2 3 4 5 6
-0.03344
-0.03336
-0.03328
-0.03320
(b) C=0.99  
 
 
[G
eV
4 ]
0 1 2 3 4 5 6
-0.034
-0.033
-0.032
(c) C=0.9  
 
 
[G
eV
4 ]
0 1 2 3 4 5 6
-0.040
-0.036
-0.032
-0.028
(d) C=0.3  
 
 
[G
eV
4 ]
FIG. 2. Thermodynamic potentials of the Z3 sectors as the functions of θ at T = 250 MeV in PNJL for Nf = 3 with fixed
mu = md = ms = 5.5 MeV and varied C 6= 1.
0 1 2 3 4 5 6
-0.040
-0.036
-0.032
[G
eV
4 ]
 C=0
 C=0.5
 C=0.8
0 1 2 3 4 5 6
0.10
0.15
0.20
0.25
 C=0 (crossover)
 C=0.5 (crossover)
 C=0.5 (first)
 C=0.8 (first)
 RW line
 
 
T 
[G
eV
]
FIG. 3. Thermodynamic potential Ω as the function of θ at T = 250 MeV (left) and the θ-T phase diagram (right) for
mu = md = ms = 5.5 MeV with varied C 6= 1. The black spots in the right panel mean the RW endpoints at C = 0 are still
triple points.
θ = (2k + 1)pi/3 for T = 150 MeV, but the lower shows
it peaks at θ = 2kpi/3 for T = 250 MeV. This implies
that the T -driven first-order transition related to center
symmetry corresponds to the shift of the shape of Ω(θ).
This is a nontrivial result in the center symmetric theory
with fermions.
Figure. 2 shows Ωφ(θ) at T = 250 MeV for Nf = 3
with the same common quark mass as in Fig. 1 but
C 6= 1, which corresponds to center symmetry breaking
pattern (i). We see the shifts between three Z3 sectors
appear in the θ − Ω plane and the cusps of Ω emerge at
θ = θrw = (2k+1)pi/3. Note that the angel θrw is consis-
tent with the traditional one in QCD with C = 0. Fig. 2
displays that each Ωφ(θ) has the period 2pi, which is con-
60 1 2 3 4 5 6
-0.03348
-0.03342
-0.03336
-0.03330
ms=10 MeV
[G
eV
4 ]
 
 
 
0 1 2 3 4 5 6
-0.0360
-0.0355
-0.0350
-0.0345
-0.0340
mS=140.7 MeV
[G
eV
4 ]
 
 
 
FIG. 4. Thermodynamic potentials of the Z3 sectors as the
functions of θ at T = 250 MeV with C = 1 for ms = 10
MeV (upper) and ms = 140.7 MeV (lower). The masses of
two light flavors are fixed as mu = md = 5.5 MeV. The RW
transitions appear at θ = 2kpi/3.
tinuous (discontinuous) when center symmetry is weakly
(strongly) broken for C near one (zero). Fig. 2(d) shows
that the solution Ω0(θ) for C = 0.3 vanishes in the region
0.6pi < θ < 1.4pi, which is similar to that of the standard
RW transition obtained in the two-flavor PNJL [22]. We
notice that the PNJL correctly reproduces the relation
Ωgs(θ) = Ωgs(−θ) required by pattern (i). So the RW
transitions shown in Fig. 2 still reflect the spontaneous
breaking of Z2 symmetry and the density ∂Ω/∂(iθ) is the
order parameter.
As expected, Fig. 2 shows that the RW cusps become
sharper when C declining from one to zero. The RW
transition getting stronger with center symmetry break-
ing is demonstrated more clearly in the left panel of
Fig. 3. In contrast, the deconfinement transition eval-
uated by the PL becomes weaker with the decrease of
C. This is shown in the right panel of Fig. 3, where
the θ-T phase diagrams for three different C′s are plot-
ted (the solid line denotes the first order transition). In
this panel, the vertical lines represent the RW transi-
tions and the other lines the deconfinement transitions.
We see that for C = 0.8, the whole line of deconfinement
is first-order; but for C = 0.5, only the short line near
0 1 2 3 4 5 6
-0.002
0.000
0.002
0.004
Im
(n
q) 
[G
eV
3 ]
 T=0.15 GeV
 T=0.25 GeV
0 1 2 3 4 5 6
-0.000004
0.000000
0.000004
FIG. 5. The quark number density Im(nq) as a function
of θ for C = 1 at T = 150 MeV(dotted line) and T = 250
MeV(solid line). The quark masses are same as that in the
lower panel of Fig. 4.
0 1 2 3 4 5 6
-0.03284
-0.03280
-0.03276
-0.03272
[G
eV
4 ]
 T=0.18 GeV
 T=0.19 GeV
0 1 2 3 4 5 6
-0.0327672
-0.0327666
-0.0327660
FIG. 6. Thermodynamic potential Ω as a function of θ for
C = 1 at T = 180 MeV(dotted line) and T = 190 MeV(solid
line). The quark masses are same as that in the lower panel
of Fig. 4.
the RW endpoint keeps first-order. When C approaching
zero, the first-order line of deconfinement further shrinks
towards the RW line but does not vanish at C = 0. So
all the RW endpoints for pattern (i) with a small quark
mass are triple points in this model 1. Note that the triple
point may change into a critical end point if the common
quark mass is large enough. In this case, there should
exist a critical value Cc below which the RW endpoint is
second-order.
1 This is different from the current lattice predictions that the
physical RW endpoint may be second-order. Note that in PNJL
with C = 0, the nature of the RW endpoint depends on the PL
potential.
70 1 2 3 4 5 6
-0.044
-0.040
-0.036
 ms= 0.1407 GeV
 ms= 0.3 GeV
 ms= 0.6 GeV
[G
eV
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0 1 2 3 4 5 6
0.16
0.18
0.20
  ms=0.147 GeV (first)
  ms=0.3 GeV (first)
  ms=0.6 GeV (first)
  RW line 
T 
[G
eV
]
FIG. 7. The upper panel shows θ-dependences of the ther-
modynamic potential Ω at T = 250 MeV for C = 1 and
mu = md = 5.5 MeV with different strange quark masses.
The lower panel shows the θ-T phase diagrams under the
same conditions.
B. Center symmetry breaking pattern (ii):
Nf = 2 + 1 with C = 1
This subsection gives the numerical results for Nf =
2 + 1 and C = 1, namely Pattern (ii), where the center
symmetry of Z3-QCD is broken by the mass difference
between two degenerate light flavors (u and d) and a
heavy one (s).
Figure. 4 presents the thermodynamic potential Ωφ as
the function of θ at T = 250 MeV for two different ms’s,
where ml(u,d) = 5.5 MeV. In the range 0 ≤ θ< 2pi, each
Ωφ has three local minimums for ms = 10 MeV, but
only one for ms = 140.7 MeV; the shifts between three
Z3 sectors appear in both cases. Similar to Pattern (i),
the relation Ω(θ) = Ω(−θ) is also reproduced corretly in
PNJL. Different from Pattern (i), the RW cusps occur at
θ = 2kpi/3 rather than (2k + 1)pi/3.
Note that θRW = 2kpi/3 can be explained using the
previous study [23], in which the RW transitions at finite
imaginal baryon and isospin chemical potentials, namely
µq(I) = iT θq(I), are investigated in anNf = 2 PNJL. The
prediction of [23] is that: (a) the RW transition emerges
at θq = 0 mod 2pi/3 when −pi/2 − δ(T ) < θI < pi/2 +
0 1 2 3 4 5 6
0.0
0.1
0.2
 T= 0.18 GeV
 T= 0.19 GeV
|a 0
/
|
FIG. 8. The isovector condensate a0 as a function of θ for
C = 1 at T = 180 MeV(dotted line) and 190 MeV(solid line).
The quark masses are same as that in the lower panel of Fig. 4.
δ(T ) 2; (b) it does at θq = pi/3 mod 2pi/3 when pi/2 −
δ(T ) < θI < 3pi/2 + δ(T ). In our case with Nf = 2 + 1
and C = 1, θq and θI associated with two light flavors
are ((θ − 2pi/3) + θ)/2 = θ − pi/3 and ((θ − 2pi/3) −
θ)/2 = −pi/3, respectively. According to (a) (ignoring
the heavy flavor for the moment), θI = −pi/3 belongs
to the range (−pi/2 − δ(T ), pi/2 + δ(T )), and thus the
RW transition appears at θq = θRW − pi/3 = pi/3 mod
2pi/3. Namely, θRW = 2kpi/3. On the other hand, if
we adopt (µu, µd, µs)/iT = (θ − 2pi/3, θ + 2pi/3, θ), the
corresponding θq and θI are θ and −2pi/3, respectively.
In this case, θI +2pi = 4pi/3 belongs to the range (pi/2−
δ(T ), 3pi/2+δ(T )), and thus the RW transition occurs at
θq = θRW = 0 mod 2pi/3 according to (b). So we still
obtain θRW = 2kpi/3.
The consistency between our result and that in [23]
implies that the RW angle for Nf = 2 + 1 with C = 1
is mainly determined by the two degenerate light flavors.
Actually, we will show later that θRW is still (2k+1)pi/3
for Nf = 1 + 2 with C = 1, in which there is only one
light flavor.
Figure. 5 displays the θ-dependence of the quark num-
ber density nI=Im(nq) for ml(u,d) = 5.5 MeV and ms =
140.7 MeV. In Pattern (ii), nI(θ) is θ-odd and thus the
order parameter for Z2 symmetry. We see that it is con-
tinuous for T = 150 MeV but discontinuous at θ = 2kpi/3
for T = 250 MeV.
In Fig. 6, we compare the thermodynamic potentials
for temperatures below and above TRW . For T = 180
MeV (< TRW ), Ω is weakly dependent on θ, of which
peaks and troughs are located at θ = (2k + 1)pi/3 and
2kpi/3, respectively; but for T = 190 MeV (> TRW ), it
depends on θ obviously and the positions of peak and
trough are exchanged. Note that the peak and trough
locations of Ω at low and high temperature in Fig. 6 are
2 Here δ(T ) = 0.00016 × (T − 250).
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FIG. 9. Thermodynamic potentials of the Z3 sectors as
the functions of θ at T = 250 MeV for Nf = 1 + 2 with
C = 1. The upper (lower) panel corresponds to the case with
mu = md = 5.5 MeV and ms = 3 MeV (mu = md = 140.7
MeV and ms = 5.5 MeV). The RW transitions appear at
θ = (2k + 1)pi/3.
all the same as that of Z3-PNJL shown in Fig. 1. This
indicates that the center symmetry is broken weakly in
Pattern (ii) with the physical quark masses.
The upper panel of Fig. 7 presents thermodynamic po-
tentials as functions of θ at T = 250 MeV for differ-
ent larger ms’s (ms = 140.7, 300, 600 MeV) with fixed
ml = 5.5 MeV. As expected, the RW cusps become
sharper with ms, but the change is milder (We only con-
sider ms < Λ due to the limitation of PNJL). The lower
panel of Fig. 7 displays the θ-T phase diagrams under
the same conditions. The deconfinement transitions for
those ms’s are all first-order, and thus the RW endpoints
are triple points. This suggests that the center symmetry
is broken less severely by the mass differences considered
here. Similar to Fig. 3, the lower panel shows the higher
the degree of center symmetry breaking, the lower the
TRW . Another common feature of Fig. 3 and Fig. 7 is
that TRW is the highest critical temperature of decon-
finement for a fixed C 6= 1 (former) or ms (later). This
implies that the RW transition has a significant impact
on the deconfinement transition in both symmetry break-
ing patterns.
In Fig. 8, we show the isovector condensate a0 =〈
u¯u− d¯d
〉
as a function of θ for C = 1 with the phys-
ical quark masses. Here a0 is normalized by σ0 ≡ σ(T =
0, µf = 0), where σ ≡ (σu + σd + σs) /3. For T = 180
MeV, the a0 ∼ 0 apart from θ = kpi/3 where a0 = 0.
This can be considered as a remanent of the Nf = 3
case where a0 = 0 at low-T [28]. The approximate flavor
symmetry at low-T is attributed to the color confinement
where Φ ∼ 0. When θ = kpi/3, the charge conjugate
symmetry preserves the flavor symmetry between u and
d. Actually, under the C transformation Φ ↔ Φ∗, the
thermodynamic potential with θ = 0
Ω(−2pi/3, 0, 2pi/3)
C
−→ Ω(2pi/3, 0,−2pi/3)
−2pi/3
======
Ω(0,−2pi/3,−4pi/3)
−4pi/3→2pi/3
==========
u↔d
Ω(−2pi/3, 0, 2pi/3),
(26)
and that with θ = pi/3
Ω(−pi/3, pi/3, pi)
C
−→ Ω(pi/3,−pi/3,−pi)
−pi→pi
======
u↔d
Ω(−pi/3, pi/3, pi), (27)
where u ↔ d stands for the relabeling of u and d. For
T = 190 MeV, the two flavor symmetry is broken at
θ = 2kpi/3 due to the RW transition[22, 28].
C. Center symmetry breaking pattern (iii):
Nf = 1 + 2 with C = 1
The numerical results for Nf = 1 + 2 and C = 1 or
Pattern (iii) are given in this subsection. The center
symmetry is broken by the mass difference between the
light flavor and two degenerate heavy ones. Note that s
refers to the only light flavor here.
Figure. 9 shows Z3 sectors of Ω as functions of θ at
T = 250 MeV for two cases with mu(d) = 5.5 MeV and
ms = 3 MeV (upper panel) and mu(d) = 140.7 MeV and
ms = 5.5 MeV (lower panel). Different from Pattern
(ii), both panels display that RW transitions occur at
θ = (2k + 1)pi/3. This difference can be understood in
the following way. In Fig. 9, the physical thermodynamic
potentials in intervals −pi3 < θ <
pi
3 ,
pi
3 < θ < pi, and pi <
θ < 5pi3 are Ωφ=− 2pi3 , Ωφ=
2pi
3
, and Ωφ=0, respectively. Note
that such an Ωφ order of the physical thermodynamic
potential along the θ direction is same as that of one
flavor system with µ = µs = i(θ+
2pi
3 )T
3. This suggests
that θrw for Nf = 1+ 2 and C = 1 is mainly determined
by the only light flavor. Such a conclusion also supports
3 The Ωφ order of the thermodynamic potential for one flavor sys-
tem with µ/iT = θ is Ωφ=0, Ωφ=− 2pi
3
, and Ω
φ= 2pi
3
for the θ
intervals mentioned above [10]. When µ/iT = θ + 2pi
3
, the ther-
modynamic potential is shifted by − 2pi
3
along the θ axis and thus
the order becomes Ω
φ=− 2pi
3
, Ω
φ= 2pi
3
, and Ωφ=0.
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FIG. 10. The upper panel shows θ-dependences of the ther-
modynamic potential Ω at T = 250 MeV for different ms’s
and fixed C = 1, where mu = md = 140.7 MeV. The lower
one shows the θ-T phase diagrams under the same conditions.
our argument that θrw for Nf = 2 + 1 and C = 1 is
mainly determined by the two degenerate light flavors.
The upper panel of Fig. 10 presents the θ-dependences
of Ω at T = 250 MeV for fixed mu(d) = 140.7 MeV and
varied ms (ms < mu(d)). As anticipated, the cusps of
Ω become sharper with the decrease of ms. The lower
panel shows the θ-T phase diagrams under the same con-
ditions. Similar to Fig. 7, the deconfinement transitions
are all first-order, which suggests the center symmetry
breaking due to mass deference is weak. We see that TRW
increases with the decrease ofms. This means the higher
the degree of center symmetry breaking, the higher the
TRW . This point is distinct with that shown in Figs. 3
and 7 and whether it is a model artifact is unclear.
D. Center symmetry breaking pattern (iv):
Nf = 2 + 1 with varied C 6= 1
Figure.11 shows the θ-dependences of Ωφ at T = 250
MeV for different C (C = 0.9, 0.7, 0.5, 0) with the phys-
ical quark masses. In these cases, the original center
symmetry of Z3-QCD is explicitly broken by both the
mass difference and C 6= 1.
Note that for Nf = 2 + 1, the relation Ω(θ) = Ω(−θ),
which is true for C = 0 or 1, does not hold when C ∈
(0, 1). Correspondingly, the angle θrw for 0 < C < 1
is located between (2k − 1)pi/3 and 2kpi/3, which moves
towards (2k − 1)pi/3 (2kpi/3) when C → 0 (C → 1), as
demonstrated in Fig. 11. This figure clearly shows that
the tip of the cusp becomes sharper with the decrease
of C and thus the standard RW transition (Fig. 11(d)
represents the standard RW transition) is the strongest.
We don’t plot the θ − T phase diagrams for this pat-
tern with the physical quark masses. The traditional RW
endpoint in PNJL with physical quark masses is a triple
point [26]. So we can expect that the phase diagrams for
different C′s are similar to Fig. 3 and the RW endpoints
are triple ones, except θRW 6= kpi/3.
E. Center symmetry breaking pattern (v):
Nf = 1 + 1 + 1 with C = 1
The θ-dependences of Ωφ at T = 250 MeV in pattern
(v) are shown in Fig. 12, where mu = 5.5 MeV, md =
55 MeV and ms = 140.7 MeV are adopted. Similar to
patterns (ii)-(iii), the original center symmetry of Z3-
QCD is explicitly broken due to mass non-degeneracy.
Note that Ω(θ) 6= Ω(−θ) in this pattern since differ-
ent flavors have different masses. As a result, the RW
transitions don’t occur at θ = kpi/3. Fig. 12 shows that
θrw is in between 2kpi/3 and (2k + 1)pi/3, which is dif-
ferent from Fig. 11. Fixing mu and ms and keeping
mu < md < ms, we verify that the RW point moves
towards 2kpi/3 ((2k+1)pi/3) when md → mu (ms). This
is easily understood since the condition mu = md < ms
(mu < md = ms) with C = 1 corresponds to pattern (ii)
((iii)).
In pattern (v), how the RW transition depends on
quark masses is complicated and the PNJL model is only
suited to study the system with light quarks. Fig. 12
shows that the strength of the RW transition is similar
to cases of pattern (ii) with mu(d) = 5.5 MeV and ms =
140.7 MeV and pattern (iii) with mu(d) = 140.7 MeV
and ms = 5.5 MeV. This may suggest that in light fla-
vor cases the RW transition due to mass-nondegeneracy
is quite weaker than the traditional RW transition, and
thus the center symmetry breaking is not so severely.
IV. DISCUSSION AND CONCLUSION
In this paper, we use the three flavor PNJL as a Z3-
QCD model to investigate the nature of RW and decon-
finement transitions by breaking the center symmetry in
different patterns. The FTBCs are adopted, which corre-
spond to the flavor-dependent imaginary chemical poten-
tials (µu, µd, µs)/iT = (θ − 2Cpi/3, θ, θ + 2Cpi/3). The
center symmetry of Z3-QCD is explicitly broken when
three flavors are mass-nondegenerate or/and C 6= 1.
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FIG. 11. Thermodynamic potentials of the Z3 sectors for different C at T = 250 MeV in the case of Nf = 2 + 1 with
mu = md = 5.5 MeV and ms = 140.7 MeV. The RW transition point moves from 2kpi/3 to (2k − 1)pi/3 when C changes from
1 to 0.
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FIG. 12. Thermodynamic potentials of the Z3 sectors at
T = 250 MeV for C = 1 in the case of Nf = 1 + 1 + 1 with
mu = 5.5 MeV, md = 55 MeV and ms = 140.7 MeV.
We first demonstrate that the thermodynamic poten-
tial Ω(θ) for Nf = 3 and C = 1 peaks at θ = (2k+1)pi/3
and 2kpi/3 (k ∈ Z) in low and high temperatures, re-
spectively. Namely, the shift of the peak position of Ω(θ)
from θ = (2k + 1)pi/3 to θ = 2kpi/3 with T just corre-
sponds to the true first order deconfinement transition.
There is no the RW transition in this case because of the
exact center symmetry.
For Nf = 3 with C 6= 1, the RW transitions oc-
cur at θ = (2k + 1)pi/3 when T > TRW . The transi-
tion strength becomes stronger when C decreasing from
one and the strongest corresponds to the traditional RW
transition with C = 0. We verify that the RW end-
point is always a triple point in the light flavor case with
mu = md = ms = 5.5 MeV. The corresponding first-
order deconfinement transition line in the θ−T plane be-
comes shorter when C approaching zero. For C near zero,
the first-order deconfinement transition only appears at
a very small region around the RW endpoint.
For Nf = 2+1 with C = 1, the RW transitions appear
at θ = 2kpi/3 rather than θ = (2k + 1)pi/3. We argue
that the angle θRW in this case is mainly determined
by the two mass-degenerate light flavors, which is sup-
ported by the previous study for the two flavor system
at nonzero imaginal baryon and isospin chemical poten-
tials [23]. The only heavier flavor affects the TRW and
RW strength directly. For mu = md = 5.5 MeV, it is
found that the tips of RW cusps become sharper with
ms (ms > mu); moreover, the RW endpoints are always
triple points and only the first-order deconfinement tran-
sition appears in the θ − T plane.
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In contrast, the RW transitions for Nf = 1 + 2 and
C = 1 still appear at θ = (2k + 1)pi/3. This is be-
cause the θRW in this pattern is determined by the only
light flavor rather than the two degenerate heavier ones,
which is consistent with the argument mentioned above.
Similarly, the flavor mass mismatch impacts on the TRW
and RW strength significantly. For mu = md = 140.7
MeV and ms < mu, it is found that with the decrease
of ms, the RW transition gets stronger but the TRW be-
comes higher. The latter is unusual in comparison with
the aforementioned two cases and the reason is unclear.
Similar to the pattern of Nf = 2 + 1 and C = 1, the
deconfinement transition is always first-order.
In above three patterns, the relation Ω(θ) = Ω(−θ)
holds and the θRW ’s are integral multiples of pi/3. In
general, Ω(θ) is not θ-even and θRW can be other values.
For Nf = 2 + 1 but C ∈ (0, 1), the θRW is located in
((2k−1)pi/3, 2kpi/3), which moves to 2kpi/3 ((2k−1)pi/3)
when C approaching one (zero). In this pattern, the RW
strength is more sensitive to the deviation of C from one
rather than the mass difference. In contrast, for Nf =
1+1+1 with C = 1, the θRW is located in (2kpi/3, (2k+
1)pi/3), which moves towards 2kpi/3 ((2k + 1)pi/3) when
Nf = 1 + 1 + 1→ Nf = 2 + 1 (Nf = 1 + 2).
Our calculation suggests that the deconfinement tran-
sition always keeps first-order for C = 1 with or without
the mass degeneracy in PNJL. This indicates that the
center symmetry breaking caused purely by mass differ-
ence is too weak to lead to deconfinment crossover if the
common difference of µf/iT series is 2pi/3 in this model.
In contrast, when C deviates from one and below some
critical value Cc(θ), the crossover for deconfinement oc-
curs at θ far from θRW , which implies the strong center
symmetry breaking. The first-order deconfinement tran-
sition line in the θ − T plane shrinks with the decrease
of C up to zero. Thus the strongest deconfinement tran-
sition happens at θRW and C = 0.
The study gives predictions of how the RW and decon-
finement transitions depend on the degree and manner of
the center symmetry breaking related to Z3-QCD. These
results may be illuminating to understand the relation-
ship between Z3 symmetry, RW transition and decon-
finement transition at finite imaginary chemical poten-
tial and temperature region where the LQCD simulations
are available. The conclusions obtained here are mainly
based on the effective model analysis, which should be
checked by other methods. Moreover, the quark masses
can not be large enough in our calculation and it is un-
clear how the RW transition depends on the center sym-
metry breaking for the heavy quark system. The further
study is necessary by employing the LQCD simulations
or the perturbative strong coupling QCD by taking into
FTBDc.
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